Chapter 6
O

TESTS OF HYPOTHESES:
TWO POPULATIONS




Independent Sampling from Two Populations
(pages 482-483)

¢ the selection of the random sample from one population will not affect the selection of the
random sample from the other population

e Example: (Exercise 3d, page 485) The principal of a school wishes to determine if the Grade 6
boys are better in mathematics than the Grade 6 girls. A random sample of boys were selected.
Then a random sample of girls were selected. All of the students in the two random samples
were asked to take a standardized test in mathematics and their scores were determined.

Population 1

2
Hx, Ox

Population 2

2
Hy, Oy

Sample 1 of size
()(1/ )(21---'1)(/71)

x50\

Sample 2 of size »
y]l yZl---'l ynZ)

Y,S)

Use these samples
to infer on py - py
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Null Hypotheses of Interest

W, — Wy = 0 the means of the two

X or populations are the same
Hy = Hy
P —P,= the proportions of the two
or populations are the same
Pi = P2
GXZ /GY2 = | the variances of the two
on populations are the same
G2 =G\
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Table 16.1. Tests of Hypotheses for the Difference of Means
Based on Two Independent Samples
(page 538 - replace the hypothesized difference d, by 0)
Test Statistic Region of Rejection
Case |:0y?* and 6 ?are known
MX_MY<0 7= ()_(—?) Z<-Za
My = My = MX_MY>0 0'7)2(+Oi Z>2z,
He = py # 0 R |z >z,
Case 2: 6,2 and o ?are unknown but 6,2 = 6% = 62
_ My — Ky < 0 4= (}?' ?) _ where 5; — (n, - 1>S§< + (n,- 1)512/ t< -ta(v=n, +tn, '2)
™ Py = M=ty >0 2 t>t,(v=n, +n, -2)
4 M — py # 0 |t]> tyn(v=n; + ny -2)
Case 3:6,2 and o?are unknown but 6,2 # o2
n—py <0 (X-Y) degrees of freedom: t <-t,(v)
foe = by = 0 e 53]
x N = py >0 S .S o AT/ > t,(v)
X+ X /Y (s
o~ iy £ 0 0 (4] () 4> €,a(4)
Case 4: 6,2 and 6?are unknown but n, >30 and n, >30
He— iy <O ,_ (X-7) z<-z,
Hy — Uy = MX—MY>O i_}_g Z>Za

n ]

n,o—py 20 Lo z| > o I




Flowchart

-—.m—. Use Case 1 ; We still need to satisfy

| | the assumption of
¥ normality for the two
m.. Use Case 4 populations (or at least

| approximately normal)
when at least one of the
Yes sample sizes is less than
" 30.

Use Case 2

Yes I

Use Case 3
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Examples 16.1 and 16.2 (pages 539-541)

Exercise 3 (page 547). In a study made by Cain, Oakhill and Lemmon (2005), the ability of
participants to read and understand written words out of sentence context (Gates-
MacGinitie Primary Two Vocabulary Test), word reading accuracy in context and reading
comprehension (Neale Analysis of Reading Ability) were among several characteristics
measured on 28 participants. Two groups of 9- and |0-year-olds participated in the study:
|4 good comprehenders and 14 poor comprehenders. The following table shows the
summary for the three characteristics measured:

Mean Std dev Mean Std dev
Gates-MacGinitie Vocabulary 342 275 34 2.04
Neale Analysis word reading accuracy 10.6 7.05 10.7 6.97
Neale Analysis reading comprehension 10.7 9.6 7.11 5.33

At the 0.05 level of significance, determine whether the mean performance of good and
poor comprehenders differ in each of the three characteristics. What assumptions did you
make in doing the tests?
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Solution

Step 1. State the null hypothesis, Ho, and the alternative hypothesis, Ha.

Let px=mean score in V-MG Vocabulary Test of good comprehenders
and py=mean score in V-MG Vocabulary Test of poor comprehenders

We are asked to determine whether the mean performance of good comprehenders and poor
comprehenders differ Ho: px- py =0 vs. Ha: px- Wy #0

Step 2. Choose the level of significance, & . Use o=0.05

Step 3. Determine the appropriate statistical technique and corresponding test statistic to use. ‘
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Solution (cont’d)

Ho: Mx- My =0 vs. Ha: pyx- dy 20

Use o=0.05
(mi= NS F e 1Sy

et e

=

2R 3
Test statistic: = where S, =

Step 4. Set up the decision rule. Identify the critical value or values that will separate the
rejection and nonrejection regions.

Decision Rule: Reject Ho if the value of the test statistic falls in the region of rejection.

Region of rejection: |l‘| > 2y (ﬂ =n +n,— 2)
Decision rule:  Reject Ho if |t| > tg.os(v= 14 +14 -2=26). Reject Ho if t < -2.056 or t >2.056.

Step 5. Collect the data and compute the value of the test statistic.
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Solution (cont’d) »

Ho: px- by =0 vs. Ha: py- My 20

Use a.=0.05 S
CELY) BSs DS,

Wit s 2

” -
= = where S;= (7

Test statistic:

Decision rule: Reject Ho if t<-2.056 or t>2.056.
Summarized data: X =34.2,5, =2.75,Y =34,5, =2.04

(141 (2.75%) + (14— 1)(2.04%)
" 14+14-2

X 342-2.75 _ 021855

\/(5.86205) (|I4 + |I4j

Step 6.  Determine whether the value of the test statistic falls in the rejection or the
nonrejection region. Make the statistical decision.

=5.86205

e 2
Pooled variance: Sp

Test statistic:

Step /.  Express the statistical decision in terms of the problem.
Do not reject Ho. We do not have sufficient evidence at 0.05 level of significance to conclude that the mean scor

in the Gates-MacGinitie Vocabulary test of good comprehenders differ from the mean score of poor
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Another Example

Exercise 2. (page 547)
Consider the following chocolate chip muffin experiment described in Exercise #2 in Section 14.2.

An experiment was conducted to determine whether different baking times produce different rises of chocolate chip
muffins. Twenty four muffins were baked for 20 minutes and the rise of each muffin was recorded. Another set of 20
muffins were baked for 25 minutes and the rise of each muffin was also recorded. The data, in centimeters, are given

below.

20 minutes 25 minutes
2.8 3.0 2.8 3.1
3.0 3.1 2.7 3.1
3.1 3.0 2.9 3.0
2.9 3.1 29 3.1
2.7 3.0 3.1 3.1
2.6 3.1 3.0 3.0
2.6 3.0 2.6 3.0
2.8 3.2 21 3.1
ot 3.1 2.8
2.6 3.0 2.7
2.8 3.0 2.8
2.9 3.1 2.8

Test whether the mean rise of muffins baked for 20 minutes differs from those baked for 25 minutes. Use the 0.01 level
of significance. Let us assume normality but the population variances are not the same.
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Solution

Step 1. State the null hypothesis, Ho, and the alternative hypothesis, Ha.

Let py=mean rise of muffins baked for 20 mins.
and py= mean rise of muffins baked for 25 mins.

We are asked to determine whether the mean rise of muffins baked for 20 mins differ from the
mean rise of muffins baked for 25 mins. Ho: px- Hy =0 vs. Ha: px- Py #0

Step 2. Choose the level of significance, & . Use o=0.01

Step 3. Determine the appropriate statistical technique and corresponding test statistic to use. ‘
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Solution (cont’d)

Ho: px- My =0 vs. Ha: px- My 20
Use 0.=0.01 o >
__(X-Y)
S, S
n n

Test statistic:

| 2

Step 4. Set up the decision rule. Identify the critical value or values that will separate the
rejection and nonrejection regions.

Decision Rule: Reject Ho if the value of the test statistic falls in the region of rejection.
. AR
i)
At oA
%) (%)
+

7 T el

Region of rejection: 11> 7., (¢) where v = (

Step 5. Collect the data and compute the value of the test statistic.
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Solution (cont’d) »

Ho: px- My =0 vs. Har py- py #0. Use a=0.01
Test statistic: ;= (- V)

_\&n, n0 ’4
Summarized data: X =2.925, Sf( =0.033261,Y =2.915, S? =0.027658
2925-2915 _0.19

0033261 0.027658
24 20
(%+%j (.03326/ +.02765y )2
degrees of freedom: v = Y ca i, 24 20/ _ 416344
s S 033261 027658
5, ) (5, (o) (e
' 2 23 19

+
nI—I n2—l

Decision rule: Reject Ho if [t|>to12(v=41). Reject Ho if t<-2.701 or t>2.701.

Test statistic: t= \/(

2

Step 6.  Determine whether the value of the test statistic falls in the rejection or the
nonrejection region. Make the statistical decision.

Step 7.  Express the statistical decision in terms of the Broblem. e _
Do not reject Ho. We do not have sufficient evidence at 0.01 level of significance to conclude that the mean rise

of muffins baked for 20 mins differ from the mean rise of muffins baked for 25 mins.
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TABLE 16.2 Tests of Hypotheses for the Difference of Means
Based on Paired Observations
(page 544 - replace the hypothesized difference d, by 0O)

Sample Data={(X,,Y)), (X,Y>), ..., (X,,Y.)}
Define: D,= X, -Y,,i=1,2,...,n (Note: D;s are all random variables.)

Assumptions: (D,, D,,... D,) is a random sample
D, ~ Normal(up, 65°%)

n

i D Z (Di % 5)2
o% i po¥ i=| i . .
Statistics: D = -=— = sample mean of Ds and g iy 7 AN E I IO OIS

n

Null Hypothesis flternative :
4 Hypothesis Test Statistic Beglongt
Ho Rejection
Ha
My <0 D t<—t,(v=n-1)
U, =0 >0 T:S% t>t,(v=n-1)
Hy #0 \/; |f|>f%(ﬂ=ﬂ—l)
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Examples

Examples 16.4 (pages 545-546)

A study is conducted to compare the pricing at two competing food stores. Twelve common grocery
items are chosen at random, and the price of each item is noted at the two stores, as follows:

ltem Store A Store B
I 8.90 9.50
2 5.90 5.50
3 12.90 14.90
4 15.00 16.90
5 24.90 23.90
6 6.50 7.90
7 9.90 9.80
8 22.50 23.90
9 19.90 17.90
10 5.00 5.90
Il 19.90 21.90
12 17.90 19.90

Test whether there is a difference in the mean prices at the two stores at 0.01 level of significance.
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Solution

Step 1. State the null hypothesis, Ho, and the alternative hypothesis, Ha.

Let Xi=price of i item in Store A and Y;=price of i item in Store B
D; = X; =Y, and up = population mean of Dis = py - uy

We are asked to determine whether there is a difference in the mean prices at the two stores
Ho: pp=0 vs. Ha: pp=0

Step 2. Choose the level of significance, & . Use a=0.01

Step 3. Determine the appropriate statistical technique and corresponding test statistic to use.
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Solution (cont’d)

Ho: pp =0 vs. Ha: pp=0
Use 0=0.01

i D
Test statistic: * ~ S%
ND

Step 4. Set up the decision rule. Identify the critical value or values that will separate the
rejection and nonrejection regions.

Decision Rule: Reject Ho if the value of the test statistic falls in the region of rejection.

Region of rejection: |f| > 140 (v = ﬂ—1)
Decision rule:  Reject Ho if |t| > to00s(v=11). Reject Ho if t < -3.106 or t >3.106.

Step 5. Collect the data and compute the value of the test statistic.
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Solution (cont’d) »

Ho: pp=0 vs. Ha: pp=0

Use o=0.01 B
= 2

Test statistic: &

7
Decision rule: Reject Ho if t<-3.106 or t>3.106.
Compute for D;s:

Xi 89 59 129 15 249 6.5 99 225 199 5 19.9 17.9
8 95 55 149 169 239 79 9.8 239 179 59 21.9 199
Di=Xi-Y, -06 04 -2 -19 1 -14 0.1 -14 2 -09 -2 -2

Summary Statistics: D =-0.725 and S, =1.33357
—0.725

Test statistic: ¢~ |.33357//_
12

Step 6.  Determine whether the value of the test statistic falls in the rejection or the
nonrejection region. Make the statistical decision.

=—1.88327

Step /.  Express the statistical decision in terms of the problem.
Do not reject Ho. We do not have sufficient evidence at 0.01 level of significance to conclude that there is a

difference in the mean prices of items in the two stores.
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Using PHStat for Independent Samples and Given
Sample Statistics

Step I. Choose Two-Sample Tests then select z-test for
Differences in Two Means (if sigmas are known) or t-test
for Differences in Two Means (if sigmas are unknown).

Step 2.  Fill up dialogue box.

Note:  When the population variances are unknown, PHStat
assumes that the two variances are equal.

Example ‘
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Using Data Analysis ToolPak for 2 Independent Samples
(pages 658-661)

Step |. Input data. Encode all observations from the first sample
in one column and observations from the second sample
in another column

Step 2.  Click Data Analysis in the Tools menu.
Step 3.  Choose any one of “t-Test: Two-Sample Assuming Equal

99 ¢¢

Variances,’ “t-Test: Two-Sample Assuming Unequal
Variances,’ or “z-Test: Two Sample for Means’ depending
on your assumptions.

Step 4. Fill up dialogue box.

Examples: Example 16.3 (pages 541-542)
Exercise 2 4

Chapter 6. Tests of Hypotheses: Two Populations




Using Data Analysis ToolPak for 2 Related Samples
(pages 662-664)

Step |. Input data. Encode all observations from the first
sample in one column and observations from the
second sample in another column

Step 2. Click Data Analysis in the Tools menu.
Step 3. Choose t-Test: Paired Two Sample for Means.

Step4. Fi

| up dialogue box.

Examples: Example 16.5 (pages 546-547)

Price example 4
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Assignment 14

|. A public school is considering the revision of its Reading course. The school believes that the revised
course will improve the reading comprehension skills of its students. The school has decided to conduct
an experiment to evaluate the revised course before it is offered to the general student body. Pairs of
students were formed based on their grades in the Reading course the previous semester. A random
sample of 10 pairs were then selected. A randomization process was again used to determine which
student in the pair will be taught using the revised course. At the end of the course, all the students in
the sample were given the same exam. Based on the scores below, can it be concluded at a=0.01 level
of significance that the revised course has improved the reading comprehension of the students?

Pair I 2 3 4 5 6 7 8 9 10
Score using Existing course 211 216 191 224 201 178 188 159 |77 197
Score using Revised course 221 231 203 216 207 203 201 179 179 21l
a) State Ho and Ha.
b) Write the formula of the test statistic to be used assuming normality.
c) State the decision rule at 0.01 level of significance
d) Compute for the value of the test statistic.
e) Is there sufficient evidence at 0.01 level of significance to conclude that the revised course improved

the reading comprehension of students, in general?
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Assignment 14 (cont’d)

2. A student newspaper at a college is conducting a study on the
sleeping habits of the students to determine if the female
students sleep longer than the male students. As part of this
study, it selected a random sample of male students and
another random sample of female students then collected the
following data on the number of hours per night that male and
female students in the two samples sleep:

Male 7 5.5 65 7 75 8 4 5 6
Female 8 7 85 6 6 8 65 7 7 6

a) State Ho and Ha.

b)  WVrite the formula of the test statistic to be used assuming normality.
c) State the decision rule at 0.05 level of significance

d  Compute for the value of the test statistic.

e) Is there sufficient evidence at 0.05 level of significance to conclude that female
students generally sleep longer than male students?
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Hypothesis Test for Two Proportions

(page 549)

Let p; be the proportion of elements in the first population that possess the characteristic of interest
and p, be the proportion of elements in the second population that possess the characteristic of
interest. To infer on p; — p,, we select independent random samples from each one of the two
populations of sizes n; and n,, respectively; and then observe X=number of elements in the first
sample possessing the characteristic of interest and Y=number of elements in the second sample
possessing the characteristic of interest.

TABLE 16.3. Tests of Hypotheses for the Difference Between Two Proportions

Null Alternative
Hypothesis | Hypothesis Test Statistic Reglor) of
Rejection
Ho Ha

b~ <0 5 ﬁl_pzé 5 X+Y e

ek p- 2,>0 o e where "+, 2575

p- Pt 0 ﬁ(l_P) ST e |Z|>Za

n o, %

R o
Note: The statistic, E=

AT is actually the estimator for the common proportion p under
1 2
Ho that p; and p, are equal to each other.
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Examples

Examples 16.6 and 16.7 (pages 549-551)

Exercise 2 (page 552). In 2001, a sample of 1,980
illiterate individuals from Country A showed that 1,236 of
these individuals are females. In the same year; a sample
of 2,108 illiterate individuals from Country B showed that
1,209 of these individuals are females. Can we conclude
that the proportions of females among illiterate
individuals are different for the two countries? Test at
0.05 level of significance.
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Solution

Step 1. State the null hypothesis, Ho, and the alternative hypothesis, Ha.

Let p,=proportion of females among illiterate individuals in country A
p,= proportion of females among illiterate individuals in country B

We are asked to determine whether the proportion of females among illiterate individuals in the
two countries are different Ho: p; — p, =0 vs. Ha: p; — p,=0

Step 2. Choose the level of significance, & . Use o.=0.05

Step 3. Determine the appropriate statistical technique and corresponding test statistic to use.
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Solution (cont’d)

Ho: p;—p2 =0 vs. Ha: p; —p,=0
Use a=0.05

AR ﬁl’_PZé ﬁ:X+Y

g e where
B(1- P)f + j
GRS

Step 4. Set up the decision rule. Identify the critical value or values that will separate the
rejection and nonrejection regions.

Test statistic:
”1 + ”2

Decision Rule: Reject Ho if the value of the test statistic falls in the region of rejection.

Region of rejection: ‘Z ‘ > 2,
Decision rule:  Reject Ho if |z| > zp5. Reject Ho if z < -1.96 or z >1.96.

Step 5. Collect the data and compute the value of the test statistic.
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Solution (cont’d) »

Ho: p; —p, =0 vs. Ha: p; —p,=0
Use a=0.05

et ﬁl’_PZé ﬁ:X+Y

Test statistic: X | 1 ) Where o
Ba- P)f + j bt
X

7,

Decision rule: Reject Ho if z<-1.96 or z>1.96.
Summary Statistics:  X=1,236, Y=1,209
X 1,236

n 1,980 3N 7, 2,108 @9 T 198012108 4,088

1236 1209
S 1980 2108 3305

Test statistic: <~
2445 _ 2445 | l
\/ ( Aoss)(' Aoss)(/ 980 A l 08)

Step 6.  Determine whether the value of the test statistic falls in the rejection or the
nonrejection region. Make the statistical decision.

Y 1,209 I I32yeSsis2 00" 2745

e
w%(

Step /.  Express the statistical decision in terms of the problem.
Reject Ho. There is sufficient evidence at 0.05 level of significance to conclude that there is a difference in the
proportion of females among illiterate individuals in the two countries.
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